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Abstract. The expressions of the constitutive equations of dilute polymer solutions, as pre- 
dicted by the main microscopic rheological models, are shown to be in agreement with these 
derived from extended irreversible thermodynamics. Accord between the thermodynamic and 
Boltzmarm microscopic expressions of entropy is also completed for steady state flows. 
1. INTRODUOTI~N 
Extended Irreversible Thermodynamics (EIT) [1,2] h as b een developed to extend the range 
of application of Classical Irreversible Thermodynamics [3,4]. EIT has proved to be very 
useful in the study of many physical topics such as thermal waves, phonon hydrodynam- 
ics, rheology, mass and electrical transports, ultrasound propagation, etc. The microscopic 
foundations of this new theory have been examined in the framework of kinetic theory, 
non-equilibrium statistical mechanics and information theory in the case of dilute and dense 
gases. The aim of the present work is to compare the predictions of EIT with some micro- 
scopic models of polymer solutions, 
The paper runs as follows. In Section 2, a brief survey of EIT is presented. In particular, 
constitutive equations compatible with thermodynamics are derived; for simplicity, only the 
first order approximation is considered. The non-equilibrium entropy is also calculated in 
the particular case of steady flows. 
Section 3 is devoted to the description of some microscopic models of polymeric liq- 
uids [5]. Dilute solutions of Hookean dumbells, rigid dumbells, Hookean bead-spring chains 
and multibead-rod chains are successively considered. Hydrodynamic interaction is also 
taken into account. For these models, it is shown that the first order constitutive equations 
derived from a microscopic approach are in complete agreement with the corresponding ones 
predicted by EIT. Moreover, it is proved that, in steady flows, the macroscopic EIT entropy 
and the Boltzmann microscopic one have the same form. The present analysis actually gen- 
eralizes previous results by &macho and Jou [6], w h o considered exclusively steady shearing 
flows. In this paper, more general situations are examined, the only restriction being the 
homogeneity of the flow. 
2. EIT MODELLING OF RHEOLOGY 
In EIT, the non-equilibrium entropy per unit mass s is assumed to be a function depending 
not only on the usual state variables like 21 (specific energy) and v (specific volume) but also 
on the dissipative fluxes which are raised to the status of independent state variables. 
Financial support from SPPS (Belgium) under contracts PA1 nos. 21 and 29 is gratefully acknowledged. 
Typeset by A,#-m 
39 
40 P.C. DAUBY, G. LEBON 
Here, polymer solutions are supposed incompressible and heat effects are disregarded so 
that the temperature T remains uniform. Moreover, as frequently assumed in rheology [5], 
the viscous pressure tensor II” is split up into N + 1 independent parts: 
II0 = 5 p = 5 ((i) pu’u + pug, 
i=o i=O 
(1) 
where U is the unit tensor, p”’ the trace of the partial pressure tensor IIvi, while Pvi 
represents its deviatoric part. Index i = 0 refers to the solvent and indices i > 0 to the other 
constituents. 
If only second order corrections with respect to local equilibrium thermodynamics are 
considered, the generalized Gibbs equation, expressing the specific entropy s in terms of the 
state variables, writes as [1,2]: 
T~s=~u-v~aip~i:~~i-~~PiPYi~p~i, 
i=o i=O 
(2) 
where a colon means a double scalar product; coefficients oi and p’ are phenomenological 
functions of u. 
Since the heat flux vector is zero, the entropy flux vanishes and the rate of entropy 
production per unit volume 8 is simply defined by 
us = pi; (3) 
p is the mass density and an upper dot denotes the material time derivative. Prom (2) and 
the energy conservation law, pti = II” : V (V is the symmetric traceless part of the velocity 
gradient tensor), it is easy to calculate us. One finds: 
Tub=_~pY(:(V+~i~Yi)_~p’i(~.~+~~i), 
i=O i=O 
(4 
where $ is the nabla operator. Expression (4) is a bilinear form in the thermodynamic fluxes 
Pvi and p”’ and their conjugate “thermodynamic forces” V + c& P”’ and ?. v’+ p’ ~5”‘. The 
constitutive equations are obtained by expressing the thermodynamic forces in terms of the 
thermodynamics fluxes. If developments are limited to first order relations between fluxes 
and forces, and if coupling between force i and flux j (i # j) is disregarded, one obtains, in 
the linear approximation: 
+i~+P”=-Z~~V, r~~+p”=-Q~ii.v’=O (i=O,I,...,N), (5) 
wherein the coefficients ri, T,!, Q, t,( are related to cri and pi by oi = ri/2qir /3i = r,!‘/r,ii. 
Stability of equilibrium imposes that coefficients oi and pi are positive [1,2]. The second 
law of thermodynamics implies the positiveness of the viscosities r~i and qj [1,2]. Summarizing 
these results, one has: 
7i 10, lji 2 0, Ti 10, ?)i 2 0. 05) 
If the solvent is assumed to be newtonian, Equations (5) can be rewritten under the form: 
p’ E P”O = -2QV, p” 3 $0 = 0, (7a) 
7i 6 PUi 
7 + PVi = -2r)i v, 
, ap”i 
rq-+p”L-q;d.j=O (i= 1,2 ,..., N). (7b) 
Equation 
from which 
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i?ults that: 
can be intregrated between an equilibrium state and a non-equilibrium one, 
where subscripts eq refer to quantities calculated at equilibrium. The contribution of the 
solvent has disappeared, since the corresponding relaxation times ri and 70 vanish for a 
newtonian fluid. 
In stationnary flows, expression (8) simplifies as 
u-u 
s - &?q = eg - $2 (Ti7)i) V : V, 
T 
i=l 
after use is made of the constitutive equations (7b). Expression (9) as well as the constitutive 
Equations (7) will now be compared with the corresponding ones derived from a microscopic 
approach. 
3. MICROSCOPIC RHEOLOGICAL MODELS 
Within the framework of microscopic descriptions, the flow is always assumed to be home 
geneous, which means that the velocity field v”has the form v’= Cc+K.r’, where i& is a vector 
independent of position and K a tensor independent of position but allowed to depend on 
time. The trace of tensor K vanishes due to the incompressibility condition. 
For a homogeneous flow and a uniform density of macromolecules in the solvent, the 
microscopic Boltzmann expression for the specific entropy (per unit mass) s is given by [5] 
where n is the number of macromolecules per unit volume, n $ the so-called “configurational 
distribution function,” depending only on the relative positions of the constituents of a 
macromolecule; dF, is the volume element in the space of these relative positions and sb is 
a constant. 
In the next subsections, we consider the modelling of dilute polymer solutions respectively 
by means of Hookean and rigid dumbells embedded in a newtonian solvent. The models 
are first studied when hydrodynamic interaction is disregarded. Afterwards, this interaction 
is taken into account. We also discuss dilute solutions of bead-spring chains with Hookean 
springs (Rouse and Zimm models) and dilute solutions of multibead-rod chains. 
3.1 Hookean dumbells. 
In the case of a dilute solution of Hookean dumbells in a newtonian solvent, the pressure 
tensor is split up into two parts: II” = Hd + HP; IId corresponds to the solvent and is 
given by the usual Newton law (7a). It follows from microscopic considerations that, in 
absence of hydrodynamic interaction, the constitutive equation for the polymer contribution 
HP = (l/3)@’ U + PP may be written as [5]: 
DTHP 
rr+IIp = -2nhT7V, (11) 
where DT/Dt is the contravariant time derivative. The relaxation time r is given by </4H, 
where < is the friction coefficient characterizing the viscous force between the beads of the 
dumbells and the solvent and H is the Hookean spring constant. Omitting non-linear terms, 
constitutive equation (11) takes the EIT form (7b) with N = 1, nr = nkTT and index i 
replaced by p. 
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For dilute solution of Hookean dumbells, expression (10) for the specific entropy s can be 
shown [5] to take the form 
s=vnklnG+sc, (12) 
while the internal energy 21 is given by [5] 
21 = (l/2) vnktra + ~0, (13) 
wherein so and ue are constants; cy is a tensor defined in [5] which, in steady flow, reduces 
to 
(Y = (U - 27V)_‘. (14) 
From (12)-(14), t i is calculated that, up to second order terms in V, 
s=nkv.r2V:V+sc,U=(1/2)vnkT(3+4r2V:V)+Ue. (15) 
Using (15) and relation Q = nkT T, one easily recovers for the entropy the EIT expression 
(8) with N = 1. 
Note that pre-averaged hydrodynamic interaction can easily be taken into account by 
replacing the friction coefficient 5 by a modified coefficient < whose explicit expression is of 
no particular interest here but can be found in [5]. 
3.2 Rigid dumbells. 
For rigid dumbells, the connector vectors between the beads are submitted to the con- 
straint that their length is a constant. For this reason, the configurational distribution 
function 11, depends only on a unit vector e’parallel to the dumbell. This function $ is the 
solution of a continuity equation given in [5]. When external forces are neglected, it is an 
easy matter to check that, in the steady case and up to first order terms, 1c, is given by 
$=$o+~l= + (1+3rK:e’e’); 
( > 
(16) 
$0 = 1/47r and +i = (l/4 rr) 37. K :ZZ are of order 0 and 1, respectively; factor 1/47r is 
introduced to satisfy the normalization condition s 1c, (t?) de’= 1. 
The constitutive equation limited to first order terms for the polymer contribution can 
be obtained in the following way. In absence of external forces, the Kramers and Giesekus 
forms of the viscous pressure tensor are respectively given by 
IlIp = -3 nkT(ZCJ - 6 nkT T(K :e’e’e’Z) + nkT I_J ( 17a) 
and 
Dt(X) 
IIP=3nkTrDt, (17b) 
where ( ) indicates an average over the configuration space ((. . . ) = s t,b (Z) (. . . ) de’). It 
follows from (17a) that tensor IIP can be seen as a sum of two contributions given, up to 
first order terms, by 
II”’ = -3 nkT (ZE’) + nkT U (Isa) 
and 
4 
II”‘=--nkTrV. 
5 (18’3) 
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After use of the decomposition IIui = (1/3)p”’ U + P”’ (i = 1,2), the first order constitu- 
tive equations for p”’ and Pui are obtained from (17b) and (18). Equations (7) are recovered 
with N = 2 at the condition to set 
= 7; = 7, 
3 
Tl 72 = 7; = 0, ‘71 = Q’1 = - 0 5 nkT r, nkT T. (19) 
The macroscopic expression for entropy in the steady state is calculated from (9). Since 
no energy can be stored in rigid dumbells, one has TA,~ = 21; introduction of results (19) 
in (9) yields 
3 
s-sseq=- 5 0 
nnkTr2V:V. (20) 
The Boltzmann microscopic expression of entropy is evaluated from (10). After some easy 
calculations using decomposition (16), one recovers (20) if terms of order higher than two 
are dropped. 
If hydrodynamic interaction is included, parameter r in Equation (16) has to be replaced 
by a parameter ? whose explicit expression depends of course on the hydrodynamic inter- 
action [5] but is of no interest within the present context. In the Kramers expression (17a) 
of the viscous pressure tensor, quantity r must be replaced by a ?, depending also on the 
hydrodynamic interaction [5]. Instead of (17b), the Giesekus form of the pressure tensor 
becomes [5] 
HP = 3 nkT ? DTgz) - (I- 5) (3 nkT (CZ) - nkT U). (21) 
Using the splitting (18), it is an easy matter to show that the constitutive Equations (7) 
are recovered at the condition to replace r by ?. So the agreement between microscopic and 
macroscopic approaches remains valid. 
3.3 Extension to Hookean bead-spring chains and multibead-rod mod&. 
The microscopic modelling of dilute solutions of Hookean bead-spring chains without 
hydrodynamic interaction (Rouse model) is performed by introducing “normal coordinates” 
in the space of relative positions of the constituents of a macromolecule [5]. Following the 
same reasoning as in Subsection 2.1, it is seen that the constitutive equations are still of 
the form (7) when terms of order higher than one are dropped. The agreement between the 
microscopic and macroscopic expression of the steady entropy is also recovered. As in the 
case of dumbells, a preaveraged hydrodynamic interaction (Zimm model) can easily be taken 
into account by changing the value of some parameters [5]. The extension to multibead-rod 
chains, with or without hydrodynamic interaction, is performed by modifying the value of 
parameters r,? and ? defined in Subsection 3.2, which become functions of the number of 
beads in the chains [5]. It is observed that the accord with the macroscopic EIT predictions 
is still achieved. 
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